Most theoretical analyses of the acoustic radiation force in fluids assume that the par-18 ticles have spherical shape. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] More structured objects such as core-shell spherical particles 19 have also been considered. 12 Besides, the secondary radiation force developed between two or 20 more spherical particles has been analyzed. 13 All these studies are based on the partial-wave 21 expansion of the incident and scattered waves in spherical coordinates. Analytical expres-22 sions of the radiation force are derived concerning the incident and scattering expansion 23 coefficients. For a small particle, it need mean only the monopole and dipole scattering 24 coefficients, i.e., the so-called dipole approximation, which are calculated from the boundary 25 conditions on the particle surface. Moreover, the orthogonality of spherical wavefunctions 26 used in the expansion are employed to decouple each mode and obtain a system of linear 27 equations involving the expansion coefficients. However, when considering a nonspherical 28 object, the boundary conditions formulated in spherical coordinates are no longer trivial. 29 This happens because the radial distance to a particle surface point depends on the coordi-30 renders closed-form exact solutions of the radiation force be difficult to be attained. 32 The acoustic radiation force exerted on a rigid spheroidal particle by a standing wave ing by a spheroid in the long-wavelength limit. 15 However, it is limited to axisymmetric 35 particles with respect to the incident wave. Aside from Marston's analytical result, seminu-36 merical techniques that combine partial-wave spherical expansion and quadrature methods 37 have been used to compute an approximate solution. 16 Additionally, numerical techniques 38 such as boundary-and finite-element methods were also employed to calculate the radiation 39 force. 17-19 40 In this paper, we derive an analytical solution of the acoustic radiation force on a 41 spheroidal particle with an arbitrary spatial orientation in the dipole approximation. The 42 method is valid for an incident beam of an arbitrary wavefront. In so doing, we first recognize 43 that the incident and scattered partial-wave expansions in spheroidal coordinates asymptot-44 ically match expansions in spherical coordinates at the farfield. Hence, the radiation force is 45 calculated through the farfield method in which the radiation stress is integrated on a farfield 46 control surface of spherical shape. 20 A closed-form expression is obtained for the force on a 47 rigid prolate spheroid generated by a traveling and standing plane wave. In comparison with 48 the case of a spherical particle of the same volume as the spheroid, the maximum radiation 49 force deviation are 1/3 and 1/5 for, respectively, the traveling and standing plane wave.
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Consider an arbitrary acoustic wave of angular frequency ω and wavelength λ propagating 54 in a nonviscous fluid of density ρ 0 and adiabatic speed of sound c 0 . The wave is scattered by 55 a prolate spheroidal particle with major and minor axis denoted by 2a and 2b, respectively, 56 as depicted in Fig. 1 .a. The particle eccentricity is defined by ε 0 = 1 − (b/a) 2 . The
57
coordinate system is set to the geometric center of the particle with the z-axis coinciding 58 to the particle rotation axis. The particle defines a prolate spheroidal coordinate system 59 through the transformations
where d is the interfocal distance, ξ ≥ 1 is the spheroidal radial coordinate, −1 ≤ η ≤ 1, 61 and 0 ≤ ϕ ≤ 2π (see Fig. 1 .b). The particle surface is determined by ξ = ξ 0 = ε −1 0 = 2a/d, 62 while its volume is V = 4π(d/2) 3 ξ 0 (ξ 2 0 − 1)/3. A spherical particle is recovered by setting 63 ε 0 = 0. The connection between the spheroidal coordinates with radial distance r and polar 64 angle θ are
The velocity potential function of the incident beam and scattered waves can be expressed by 21
where φ 0 is a constant, n,m = ∞ n=0 n m=−n , S nm is the angular function of the first kind,
nm are the radial functions of the first and third kind. 21 The time-dependence 67 of the potentials e −iωt is omitted for simplicity. The particle size parameter is defined by 68 = kd/2, with k = 2π/λ being the wavenumber of the incident beam.
69
To solve the scattering problem, the beam-shape coefficient is known a priori. Where 70 as the scattering coefficient is to be determined from the boundary conditions in the particle 71 surface ξ = ξ 0 . For for a rigid particle, one requires that the normal component of fluid 72 velocity be zero on the particle surface, ∂ ξ (φ in + φ sc ) ξ=ξ 0 = 0. Therefore, using the potentials
with the prime symbol denoting differentiation with respect to ξ 0 .
76
We limit our analysis to small particles compared to the wavelength, i.e. the so-called 77 long-wavelength limit, which implies 1. In this approximation, only the monopole n = 0 78 and dipole n = 1 are relevant in the scattered wave description 22 . After substituting the 79 spheroidal radial functions given in Eqs. (10) and (18) expand the result around = 0 to obtain the scattering coefficients,
The scattering factors are expressed by
where V is the particle volume.
82
In the farfield ξ → ∞, we find from (2) that the spheroidal system reduces to the
, where r and θ are spherical 84 coordinates. Moreover, the spheroidal functions become 21
with P m n being the associated Legendre polynomial.
86
It is useful to introduce the spherical harmonics as
After substituting (7) into (3) and using Eq. (8), we obtain the incident and scattered velocity potentials in the farfield kr 1 as
Here, the potential functions are normalized to φ 0 . Besides, the beam-shape coefficient in 88 the spherical function basis is
Importantly, the coefficientã nm has been derived for different types of acoustic beams such The spheroidal wave functions asymptotically match the spherical wave functions in 94 the farfield: φ in → ψ in and φ sc → ψ sc , as ξ → kr → ∞. We shall discuss next the use 95 the farfield wavefunctions given in (9) to derive the acoustic radiation force acting on the 96 spheroidal particle. The acoustic radiation force exerted on an object is related to the net linear momentum 99 removed from the incident beam by absorption and scattering processes. 28 Due to the con-100 servation of linear momentum, we can obtain the radiation force by integrating the radiation 101 stress tensor over a control spherical surface in the farfield centered at the particle. Taking 102 this approach, the acoustic radiation force exerted on a particle is given by 20
where E 0 = ρ 0 k 2 φ 2 0 /2 is the characteristic energy density of the wave. The radiation force 104 efficiency is given in terms of the farfield wave functions by
where e r = sin θ cos ϕ e x +sin θ sin ϕ e y +cos θ e z is the radial unit-vector, with e x , e y , and e z being Cartesian unit-vectors. The Cartesian components of the efficiency Q rad are derived by replacing (9) into Eq. (12) and performing the angular integrations. Accordingly, we find Q x + iQ y = i 2 2 3 (s 00 + s * 11 + 2s 00 s * 11 )ã 00ã * 11 + (s * 00 + s 1,−1 + 2s * 0 s 1,−1 )ã * 00ã 1,−1
These equations are valid for an acoustic beam of arbitrary shape granted that its beam-shape 106 coefficientã nm is known. Also, there is no restriction in the spheroid spatial orientation re- Consider an incident plane wave
where k = k (sin α cos β e x + sin α sin β e y + cos α e z ) is the wavevector, with α and β being 115 its polar and azimuthal angles. Note that α is also the wave incidence angle regarding the 116 particle major axis-see Fig. 1 . The beam-shape coefficient of the plane wave is given by 24 117ã nm = 4πi n Y m * n (α, β).
in (5) and Eq. (15) into the equations in (13), we obtain the efficiency components for a rigid 120 spheroidal particle as 
where Q 0 = 11k 6 V 2 /16π is the radiation force efficiency of a rigid spherical particle. For a 129 wave of lateral (α = 90 • ) and frontal (α = 0), we have Q k (90 • ) = 1+(1/11)ε 2 0 +(391/7700)ε 4
Hence, the largest relative deviation from the radiation force on spherical particle of the 135 same volume as the spheroid are |1 − Q k (0)/Q 0 | = 3/11 (frontal incidence, α = 0) and 136 |1 − Q k (90 • )/Q 0 | = 1/3 (lateral incidence, α = 90 • ).
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In Fig. 2 .a, we plot the radiation force efficiency Q k /Q 0 along the wave propagation 138 direction versus the incidence angle α. We consider a particle of different eccentricities ε 0 = 139 0, 0.55, 0.86. The efficiency monotonically increases with the incidence angle. With 40 • < 140 α < 50 • , the efficiencies becomes larger than that of a spherical particle. The approximate 141 solution (dashed lines) becomes inaccurate as the eccentricity increases. Consider a standing wave formed by the superposition of two counter-propagating plane 144 waves as described by Eq. (14) . The incident wave function is expressed by
where r 0 is the distance from the particle center to the nearest pressure antinode, which lies 146 in the same direction as the wavevector, thus, k · r 0 = kr 0 . To establish the partial-wave 147 expansion of the standing wave, we notice that the expansion for a traveling plane wave is 
Substituting this coefficient into the equations of (13) along with the scattering coefficients 152 of (5) yields
is the efficiency along the wavevector direction. Referring to Eq. (11), we note that the radi-155 ation force varies with frequency linearly, F rad ∼ ω. Note that this dependence is the same 156 as that for a spherical particle. 4 The particle will be trapped in a pressure node granted that 157 the quantity in the parenthesis of Eq. (24) is positive. Besides being trapped, the spheroidal 158 particle can be set to spin around the y-axis due to the acoustic radiation torque. 32-34 159 160 When the particle eccentricity is small ε 0 1, we have
where Q 0 = (k 3 V /5) sin 2kr 0 is the radiation force efficiency for a spherical particle. Impor-162 tantly, when α = 0 this expression turns to 
Therefore, the largest relative deviation from a spherical particle occurs |1 − Q k (0)/Q 0 | = 167 |1 − Q k (90 • )/Q 0 | = 1/5, which correspond to the frontal and lateral incidence, respectively,
168
In Fig. 2.b , we present the radiation force efficiencies Q k /Q 0 due to a standing plane 169 wave as a function of the incidence angle α. The spheroidal particle has eccentricity ε 0 = 170 0, 0.55, 0.86. The efficiency increases with the incidence angle. We have calculated the acoustic radiation force exerted by an arbitrary wave on a spheroidal 177 rigid particle in the long-wavelength limit. The general formulation gives the radiation force The developed theoretical framework can be readily applied to spheroidal particles 188 composed of fluid, elastic, and viscoelastic material, by solving the appropriate boundary 189 conditions to find the scattering coefficients. Thermoviscous effects can also be accounted in 190 the present theory. The method can also be promptly adapted to oblate spheroidal particles.
